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ON THE SECOND VARIATION OF THE GRAHAM-WITTEN
ENERGY
YUYA TAKEUCHI
Abstract. The area renormalization procedure gives an invariant of even-
dimensional closed submanifolds in a conformal manifold, which we call the
Graham-Witten energy, and it is a generalization of the classical Willmore
energy. In this paper, we obtain an explicit formula for the second variation
of this energy at minimal submanifolds in an Einstein manifold. As an ap-
plication, we prove that the even-dimensional totally geodesic spheres in the
unit sphere are critical points of the Graham-Witten energy with non-negative
second variation.
1. Introduction
The volume renormalization for asymptotically hyperbolic Einstein manifolds
has played a crucial role in conformal geometry after introduced by Henningson
and Skenderis [HS98] in studies of the AdS/CFT correspondence. Let X be an
(n+1)-dimensional manifold with smooth boundaryM , and r be a defining function
of the boundary. A Riemannian metric g+ on the interior X of X is called an
asymptotically hyperbolic Einstein metric if r2g+ extends to a smooth Riemannian
metric on X and Ric(g+) + ng+ = O(rn−2) holds. The conformal class C =
[(r2g+)|M ] on M is independent of the choice of r, called the conformal infinity of
g+. If we choose a representative g of C, there exist a unique defining function r
and an identification of a neighborhood of M with [0, ǫ0) ×M such that g
+ has a
normal form
g+ =
dr2 + gr
r2
,
where gr is a one-parameter family of metrics on M with g0 = g. For such an r,
the volume Vol({ r > ǫ }) of the domain { r > ǫ } has the following expansion, as
ǫ→ +0:
(1.1) Vol({ r > ǫ }) =
⌈n/2⌉−1∑
l=0
al ǫ
−n+2l +
{
V o + o(1), n odd,
L log(1/ǫ) + V e + o(1), n even.
The constant term V o or V e in this asymptotics is called the renormalized volume.
Graham [Gra00, Theorem 3.1] has proved that V e and L are independent of the
choice of g. Moreover, Graham and Zworski [GZ03, Theorem 3] have shown that
L = 2cn/2Q,
where ck = (−1)
k[22k(k − 1)!k!]−1 and Q is the the total Q-curvature, a conformal
invariant of the boundary; see also [FG02, Theorem 3.2].
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Graham and Witten [GW99] has introduced the area renormalization, the renor-
malization procedure concerning submanifolds, or more generally, immersions. It
has been of great importance in physics recently since it is closely related to the en-
tanglement entropy in conformal field theory [RT06]. To simplify the exposition, we
consider only a closed d-dimensional submanifold Σ inM here; see Section 3 for the
more general case of immersions. There exists a (d+1)-dimensional “asymptotically
minimal” submanifold Y in X satisfying Y ∩M = Σ. The area Area(Y ∩{ r > ǫ })
of Y ∩ { r > ǫ } with respect to g+ has a similar asymptotic expansion to (1.1), as
ǫ→ +0:
Area(Y ∩ { r > ǫ }) =
⌈d/2⌉−1∑
l=0
bl ǫ
−d+2l +
{
Ao + o(1), d odd,
K log(1/ǫ) +Ae + o(1), d even.
The constant term Ao or Ae is called the renormalized area. Graham and Wit-
ten [GW99, Proposition 2.1] has proved that Ao and K are independent of the
choice of the representative g. In this paper, the Graham-Witten energy E of an
even-dimensional closed submanifold Σ is defined as
K = 2cd/2E .
This is a conformal invariant of the submanifold Σ, and coincides with the classical
Willmore energy in the case of d = 2, and M = R3 or S3. Note that our definition
of the Graham-Witten energy is different from that in [GR] and [Zha] by a constant
factor.
The first variation of the Graham-Witten energy has been recently obtained by
Graham and Reichert [GR, Theorem 4.3]. Its variational derivative is a constant
multiple of the obstruction field H, which is an obstruction to the existence of Y
smooth up to the boundary; see Theorems 3.1 and 3.2. They have also shown
that any minimal submanifold in an Einstein manifold is a critical point of the
Graham-Witten energy [GR, Proposition 4.5].
In this paper, we will consider the second variation of the Graham-Witten energy
at minimal submanifolds, or more generally minimal immersions, in an Einstein
manifold. Let (M, g) be an n-dimensional Einstein manifold with Einstein constant
2λ(n − 1), and f be a minimal immersion from a closed manifold Σ of dimension
d = 2k to M . Consider a smooth map F : (−δ, δ)× Σ→ M such that Ft = F (t, ·)
is an immersion for each t ∈ (−δ, δ) and F0 = f . Assume that the variation field
V = F∗(∂t)|t=0 is normal. Then the second variation of the Graham-Witten energy
at f is written in terms of k, λ and the Jacobi operator J .
Theorem 1.1. The Graham-Witten energy Et of Ft satisfies
d2Et
dt2
∣∣∣∣
t=0
=
1
2k
∫
Σ
g (J V, V ) daΣ,
where daΣ is the area density on Σ with respect to g, and the operator J is given
by
J =
k+1∏
l=1
[J + 2λ(k + l)(k − l + 1)].
Note that an analogous result for the total Q-curvature has been obtained by
Matsumoto [Mat13, Theorem 0.2], and Guillarmou, Moroianu and Schlenker [GMS16,
Corollary 7.7].
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As an application, we will prove that any even-dimensional totally geodesic
sphere in the unit sphere is a critical point of the Graham-Witten energy with
non-negative second variation.
Theorem 1.2. The second variation of E at a totally geodesic sphere S2k in the
unit sphere S2k+m(1) is non-negative, and is positive in directions transverse to the
orbit of the conformal group of S2k+m.
This result is a higher dimensional and codimensional generalization of [GR,
Proposition 1.2]. We will also study some variational properties of the Graham-
Witten energy at Clifford hypersurfaces in the unit sphere (Proposition 6.1).
This paper is organized as follows. In Section 2, we introduce some basic notions
related to immersions to Riemannian manifolds. Section 3 presents a definition of
the Graham-Witten energy and some known results. In Section 4, we discuss a
boundary value problem of the Jacobi operator, which plays an important role for
the proof of Theorem 1.1. Section 5 is devoted to the proof of Theorem 1.1. In Sec-
tion 6, we treat some examples, totally geodesic spheres and Clifford hypersurfaces
in the unit sphere.
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2. Preliminaries
Let (M, g) be a Riemannian manifold. Denote by ∇ the Levi-Civita connection
with respect to g, and by R the curvature of g; our convention of R is R(X,Y ) =
∇X∇Y −∇Y∇X −∇[X,Y ]. Let Σ be a manifold of dimension d ≥ 1 and f : Σ→M
be an immersion. The pullback f∗TM has the orthogonal decomposition f∗TM =
TΣ ⊕ NΣ; the bundle NΣ is called the normal bundle of Σ. For a section X
of f∗TM , we denote by X⊤ (resp. X⊥) the component of X in TΣ (resp. NΣ).
The second fundamental form II is the vector bundle morphism S2TΣ → NΣ
given by II(X,Y ) = ((f∗∇)XY )
⊥, and the mean curvature H is defined by H =
d−1 trg II ∈ Γ(NΣ). An immersion f : Σ → M is said to be totally geodesic if
II ≡ 0, and minimal if H ≡ 0. The shape operator S : TΣ⊗ NΣ → TΣ is defined
by S(X, ν) = −((f∗∇)Xν)
⊤. The second fundamental form and the shape operator
satisfies the following relation:
g(II(X,Y ), ν) = g(Y, S(X, ν)).
Next, consider a one-parameter family of immersions. Let F be a smooth map
(−δ, δ) × Σ → M such that Ft = F (t, ·) is an immersion for each t ∈ (−δ, δ) and
F0 = f . We define V to be F∗(∂t)|t=0, called the variation field. The manifold
(−δ, δ) × Σ has the canonical foliation F = ({ t } × Σ)t∈(−δ,δ), and write TF for
the vector bundle on (−δ, δ) × Σ whose fiber is the tangent space of each leaf.
The pullback F ∗TM splits into a direct sum F ∗TM = TF ⊕ NF ; note that the
restriction of NF to a leaf { t } ×Σ coincides with the normal bundle with respect
to Ft. The pullback F
∗∇ induces a connection on NF , denoted by D. The mean
4 YUYA TAKEUCHI
curvature Ht with respect to Ft depends smoothly on t, and defines a smooth
section of NF . Then we have
D∂tHt|t=0 = −d
−1(∆⊥ −R− B)V ⊥ +DV ⊤H,
where ∆⊥ is the normal bundle Laplacian (our convention of the Laplacian is chosen
so that ∆⊥ is non-negative), and R and B are the sections of End(NΣ) given by
Rν = trg[TΣ⊗ TΣ→ NΣ; (X,Y ) 7→ (R(ν,X)Y )
⊥],
Bν = trg[TΣ⊗ TΣ→ NΣ; (X,Y ) 7→ II(S(X, ν), Y )];
see [Wei78, Section 2] for the proof. Set J = ∆⊥−R−B, called the Jacobi operator
or the stability operator.
3. Graham-Witten energy
Let (M, [g]) be a conformal manifold of dimension n ≥ 3, and g be a repre-
sentative of [g]. Since we consider only a formal theory near the boundary, we
take M+ = [0, ǫ0)r ×M as X in the introduction. There exists a metric g
+ on
M+ = (0, ǫ0)×M of the form
g+ =
dr2 + gr
r2
satisfying
Ric(g+) + ng+ = O(rn−2),
where gr is a one-parameter family of metrics on M with g0 = g. These conditions
determine the coefficients of the Taylor expansion gr in r modulo O(r
n). We call
such a metric g+ an asymptotically hyperbolic Einstein metric.
Consider an immersion f from a 2k-dimensional closed manifold Σ to M . Then,
there exists an “asymptotically minimal” immersion f+ : Σ+ = (0, ǫ0) × Σ → M
+
whose boundary value coincides with f .
Theorem 3.1 ([GR, Theorem 3.1]). Let Exp be the exponential map on M with
respect to g. There exists a one-parameter family ur ∈ Γ(NΣ) of the form
ur =
k∑
l=1
u(l)r2l +Hr2k+2 log r
such that
f+ : Σ+ →M+; (r, p) 7→ (r,Expur(p))
is an immersion, and the mean curvature H+ of f+ satisfies H+ = O(r2k+3 log r).
The coefficients u(l) and H are independent of the higher order terms in gr.
Consider the area density daΣ+ on Σ
+ with respect to the metric induced by
g+. Since the area of Σ+ must be infinite, we apply the renormalization procedure.
Take 0 < ǫ < ǫ0, and consider the area Area((ǫ, ǫ0) × Σ) of (ǫ, ǫ0) × Σ, which is
finite. As ǫ→ +0, Area((ǫ, ǫ0)× Σ) has the following asymptotic expansion:
Area((ǫ, ǫ0)× Σ) =
k−1∑
l=0
blǫ
−2k+2l +K log(1/ǫ) + O(1).
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Moreover, the coefficient K of log(1/ǫ) is independent of the choice of the rep-
resentative g of [g], and gives a conformal invariant of the immersion f . The
Graham-Witten energy E of f is defined as
K = 2ckE , ck = (−1)
k[22k(k − 1)!k!]−1.
The first variation of the Graham-Witten energy E has been computed by Graham
and Reichert.
Theorem 3.2 ([GR, Theorem 4.3]). Let F : (−δ, δ)× Σ→M be a one-parameter
family of immersions such that F0 = f , and V be the variation field. Then the
Graham-Witten energy Et of Ft satisfies
dEt
dt
∣∣∣∣
t=0
= −
1
4kck+1
∫
Σ
g(H, V )daΣ,
where daΣ is the area density on Σ with respect to g. In particular if H ≡ 0, the
first variation vanishes.
From now on, we assume that [g] contains an Einstein metric g with Einstein
constant 2λ(n− 1). Then, for sufficiently small ǫ0 > 0, the metric
g+ =
dr2 +
(
1− λr2/2
)2
g
r2
on Σ+ satisfies the Einstein equation Ric(g+) = −ng+. In what follows, we use
this g+ as an asymptotically hyperbolic Einstein metric on M+.
We also assume that f is minimal with respect to g. Then, the immersion
f+ : Σ+ → M+ defined by f+(r, p) = (r, f(p)) is also a minimal immersion. This
implies that we can choose ur in Theorem 3.1 as ur ≡ 0. Hence the area of (ǫ, ǫ0)×Σ
can be computed as follows:
Area((ǫ, ǫ0)× Σ) =
∫ ǫ0
ǫ
∫
Σ
r−2k−1(1− λr2/2)2kdrdaΣ
=
k−1∑
l=0
1
2(k − l)
(
2k
l
)(
−
λ
2
)l
Area(Σ)ǫ−2(k−l)
+
(
2k
k
)(
−
λ
2
)k
Area(Σ) log(1/ǫ) +O(1),
where Area(Σ) is the area of Σ with respect to g. This gives an explicit formula of
E , which may be used implicitly in [GR]:
Proposition 3.3. The Graham-Witten energy E of f is given by
E = 2k−1k−1(2k)!λk Area(Σ).
Moreover, the obstruction field H vanishes identically, and consequently the first
variation of E at f vanishes [GR, Proposition 4.5].
4. Boundary value problem for the Jacobi operator
In this section, we consider a boundary value problem for the Jacobi operator
on Σ+, which may be of independent interest as well as will play a crucial role in
the proof of Theorem 1.1. A normal vector field on Σ+ = [0, ǫ0) × Σ with respect
to g = dr2 + (1 − λr2/2)2g can be identified with a family of normal vector fields
on Σ depending smoothly on r ∈ [0, ǫ0). Under this identification, we prove
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Theorem 4.1. For ν ∈ Γ(NΣ), there exist ν(1), ν(2) ∈ Γ(NΣ+) such that
ν+ = ν(1) + ν(2)r2k+2 log r ∈ Γ(NΣ+)
satisfies the equation
J+ν+ = O(r2k+3 log r),
where J+ is the Jacobi operator for f+. Moreover, ν(1) modulo O(r2k+2) and
ν(2)|r=0 depend only on ν, and
ν(2)|r=0 = −2ck+1J ν,
where the operator J is as in Theorem 1.1.
Our proof is similar in spirit to the proof given by Fefferman and Graham [FG12,
Proposition 7.9] of an analogous formula for GJMS operators on Einstein manifolds.
We first show the existence and uniqueness of ν(1) and ν(2). Let h(r) be a smooth
function in r, and ν be a section of NΣ. Then a straightforward calculation shows
that
(1 − λr2/2)2J+(h · ν)
= r2h · Jν − (1− λr2/2)2(r∂r)
2h · ν + 2(k + 1)(1− λ2r4/4)(r∂r)h · ν.
Thus we can determine ν(1) and ν(2) inductively as in the proof of [GZ03, Propo-
sition 4.2]. Moreover, from the construction, we obtain a polynomial pk ∈ R[x, λ]
such that its coefficients depend only on k, pk(x, λ) = λ
k+1pk(x/λ, 1) for λ 6= 0,
and ν(2)|r=0 = pk(J, λ)ν.
Therefore, it suffices to obtain an explicit formula of pk. The homogeneity of
pk implies that pk is determined by pk(x, 1/2). Consider the unit sphere M =
S2k+1(1) in R2k+2 and the standard totally geodesic sphere Σ = S2k ⊂ M . Set
ν1 = ∂/∂x
2k+2, which is a parallel normal vector field on Σ with unit length. Then
ν+1 = (1− λr
2/2)−1rν1 gives a parallel normal vector field on Σ
+ with unit length.
For a section ν+ = φ+ν+1 ,
J+ν+ = [(∆+ + 2k + 1)φ+]ν+1 ,
where ∆+ is the scalar Laplacian with respect to g+|Σ+ , which is also an asymp-
totically hyperbolic Einstein metric on Σ+. By [GZ03, Propositions 4.2 and 4.3],
for φ ∈ C∞(Σ), there exists φ(1), φ(2) ∈ C∞(Σ+) such that
(∆+ + 2k + 1)(φ(1)r−1 + φ(2)r2k+1 log r) = O(r2k+2 log r), φ(1)|r=0 = φ.
Moreover, φ(2)|r=0 = −2ck+1Pk+1φ, where
Pk+1 =
k+1∏
l=1
[∆ + (k + l − 1)(k − l)]
and ∆ is the scalar Laplacian on S2k(1); see [Gov06, Theorem 1.2] and [FG12,
Proposition 7.9]. Thus if we set
ν(1) = (1 − λr2/2)−1φ(1)ν1, ν
(2) + (1 − λr2/2)−1φ(2)ν1,
ν+ = ν(1) + ν(2)r2k+2 log r satisfies J+ν+ = O(r2k+3 log r) and ν(1)|r=0 = φν1.
Thus, ν(2)|r=0 corresponding to ν = φν1 is given by
ν(2)|r=0 = −2ck+1
{
k+1∏
l=1
[∆ + (k + l − 1)(k − l)]φ
}
ν1.
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Since J(φν1) = [(∆− 2k)φ]ν1, we obtain
ν(2)|r=0 = −2ck+1
{
k+1∏
l=1
[J + (k + l)(k − l + 1)]
}
(φ · ν1).
Therefore, we have
pk(x, λ) = −2ck+1
k+1∏
l=1
[x+ 2λ(k + l)(k − l + 1)].
This completes the proof of Theorem 4.1.
5. Proof of Theorem 1.1
In this section, we give a proof of Theorem 1.1. Consider a one-parameter
family F : (−δ, δ) × Σ → M of immersions such that F0 = f and the variation
field V = F∗(∂t)|t=0 is normal. According to Theorem 3.2, the second variation is
written as
d2Et
dt2
∣∣∣∣
t=0
= −
1
4kck+1
∫
Σ
g(D∂tHt|t=0, V )daΣ.
Hence it is sufficient to compute D∂tHt|t=0.
Let
U rt =
k∑
l=1
U
(l)
t r
2l +Htr
2k+2 log r
be a normal vector field as in Theorem 3.1 with respect to Ft such that U
r
0 ≡ 0.
Define a map F+ : (−δ, δ)× Σ+ →M+ by
F+(t, r, p) = (r,ExpU rt (p)),
which gives a smooth family of immersions from Σ+ to M+. Then the variation
field V + = (F+)∗(∂t)|t=0 of F
+ is given by
V + = V +
k∑
l=1
D∂tU
(l)
t |t=0r
2l +D∂tHt|t=0r
2k+2 log r,
which is normal. Hence the mean curvature H+t of F
+
t satisfies
(D+)∂tH
+
t |t=0 = −(2k + 1)
−1J+V +.
From H+t = O(r
2k+3 log r), it follows that J+V + = O(r2k+3 log r). Therefore,
Theorem 4.1 implies D∂tHt|t=0 = −2ck+1J V , which proves Theorem 1.1.
6. Applications
In this section, we study the second variation of the Graham-Witten energy at
totally geodesic spheres and Clifford hypersurfaces in the unit sphere.
We first recall some properties of the unit sphere Sn(1). Let conf(Sn(1)) be the
space of conformal vector fields on Sn(1). This space is isomorphic to
so(n+ 1, 1) =
{(
0 tb
b A
)
∈ gl(n+ 2,R)
∣∣∣∣ A ∈ so(n+ 1), b ∈ Rn+1
}
by the following map:
so(n+ 1, 1)→ conf(Sn(1))(
0 tb
b A
)
7→ [x 7→ Ax − 〈b, x〉x+ b ∈ (Rx)⊥ ∼= TxS
n(1)],
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where 〈·, ·〉 is the standard inner product on Rn+1. In particular, the dimension
of conf(Sn(1)) is (n + 1)(n + 2)/2. The space so(n + 1, 1) has the direct sum
decomposition so(n + 1, 1) ∼= so(n + 1) ⊕ Rn+1; the image of so(n + 1) by the
above map is the space isom(Sn(1)) of Killing vector fields on Sn, and that of
R
n+1 coincides with the space const(Sn(1)) of tangential projections onto Sn(1) of
constant vector fields on Rn+1.
Let Σ ⊂ Sn(1) be a minimal submanifold of dimension d, and consider the image
C of conf(Sn(1)) by the canonical restriction-projection map
Γ(TSn(1))→ Γ(TSn(1)|Σ)→ Γ(NΣ).
The image of isom(Sn(1)) is contained in kerJ , while that of const(Sn(1)) is anni-
hilated by J + d; see [Sim68, Section 5.1]. In particular, we have C ⊂ kerJ(J + d).
Now we consider a totally geodesic sphere Σ = S2k ⊂M = S2k+m(1). From the
conformal invariance of the Graham-Witten energy, C is contained in the kernel of
J . The kernel of the map so(2k +m + 1, 1) ∼= conf(S2k+m(1)) → Γ(NS2k) is the
space 


 0 tb1 0b1 A1 0
0 0 A2


∣∣∣∣∣∣ A1 ∈ so(2k + 1), A2 ∈ so(m), b1 ∈ R2k+1

 ,
whose dimension is (k+1)(2k+1)+m(m−1)/2. Thus we obtain dimC = 2(k+1)m.
Proof of Theorem 1.2. Set νi = ∂/∂x
2k+i+1(i = 1, . . . ,m), which give a parallel or-
thonormal frame of NS2k. Any smooth section V of NS2k is of the form
∑m
i=1 φiνi,
φi ∈ C
∞(S2k). Since J(φiνi) = [(∆− 2k)φi]νi, we obtain
J V =
m∑
i=1
{
k+1∏
l=1
[∆ + (k + l − 1)(k − l)]φi
}
νi.
The eigenvalues of ∆ on S2k(1) are j(2k+ j− 1), j ∈ N, with multiplicity
(
2k+j
2k
)
−(
2k+j−2
2k
)
. This fact gives that J is non-negative and its kernel kerJ has dimension
2(k + 1)m. Since C ⊂ kerJ and dimC = 2(k + 1)m, we have C = kerJ . This
proves the positivity of the second variation in directions transverse to the orbit of
the conformal group. 
We next turn to studying variational properties of the Graham-Witten energy at
Clifford hypersurfaces. Let d1 and d2 be positive integers with even d1+d2, denoted
by 2k, and set ri =
√
di/(2k). Consider the sphere S
di(ri) in R
di+1 with radius
ri. The product Σ = S
d1(r1)× S
d2(r2) in R
2k+2 defines a minimal hypersurface in
M = S2k+1(1), called a Clifford hypersurface.
As in the previous case, consider the image C of conf(S2k+1(1)) by the restriction-
projection map. The kernel of so(2k+2, 1) ∼= conf(S2k+1(1))→ Γ(NΣ) is the space


0 0 00 A1 0
0 0 A2


∣∣∣∣∣∣ Ai ∈ so(di + 1)

 .
Hence, the dimension of C is given by
dimC = (2k + 2)(2k + 3)/2− d1(d1 + 1)/2− d2(d2 + 1)/2
= (d1 + d2 + 2) + (d1 + 1)(d2 + 1).
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To study the spectrum of the Jacobi operator on Σ, we first construct a parallel
frame ofNΣ. The Euler vector field Ei on R
di+1 gives a parallel frame of the normal
bundle NSdi with length ri. Then the vector field µ = d2E1−d1E2 defines a parallel
frame of NΣ. A calculation shows that R = B = 2k, and J(ψµ) = [(∆ − 4k)ψ]µ,
where ∆ is the scalar Laplacian on Σ. Thus we have
J (ψµ) =
{
k+1∏
l=1
[∆− 4k + (k + l)(k − l + 1)]ψ
}
µ,
and consequently it is enough to study the spectrum of
L =
k+1∏
l=1
[∆− 4k + (k + l)(k − l+ 1)].
Proposition 6.1. The second variation of E at Σ is positive in all directions or-
thogonal to µ and to the orbit of the conformal group of S2k+1(1). The second
variation in the direction µ is positive if k = 1, zero if k = 3, and negative if k = 2
or k ≥ 4.
Note that this result has been already obtained by Weiner [Wei78, Proposition
3.1] and Graham-Reichert [GR, Proposition 6.5] for the case of d1 = d2 = 1 and
d1 = d2 = 2, respectively.
Proof of Proposition 6.1. If ψ is an eigenfunction of ∆ with eigenvalue λ, then it is
also an eigenfunction of L with eigenvalue
(6.1)
k+1∏
l=1
[λ− 4k + (k + l)(k − l+ 1)].
In particular if λ > 4k, this value is positive. Thus, we consider only the eigenvalues
of ∆ smaller than or equal to 4k.
The eigenvalues of the scalar Laplacian on Sdi(ri) are r
−2
i j(di+j−1), j ∈ N, with
multiplicity
(
di+j
di
)
−
(
di+j−2
di
)
. Hence the eigenvalues of ∆ at most 4k are 0, 2k, 4k
with multiplicity 1, d1+d2+2, (d1+1)(d2+1), respectively. In particular, the dimen-
sion of ker(∆ − 2k)(∆− 4k) coincides with that of C ′ = { ψ ∈ C∞(Σ) | ψµ ∈ C }.
On the other hand, as we noted in the previous section, C ⊂ kerJ(J + 2k),
which is equivalent to C ′ ⊂ ker(∆ − 2k)(∆ − 4k). Therefore, we have C ′ =
ker(∆ − 2k)(∆ − 4k) ⊂ kerL. For λ = 0, or constant ψ, the sign of the value
in (6.1) depends on k; it is positive if k = 1, zero if k = 3, and negative if k = 2 or
k ≥ 4. This completes the proof. 
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